Let R := K[x 1 , . . . , x n ] be a polynomial ring over an infinite field K, and let I ⊂ R be a homogeneous ideal with respect to a weight vector ω = (ω 1 , . . . , ω n ) ∈ (Z + ) n such that dim(R/I) = d. We consider the minimal graded free resolution of R/I as A-module, that we call the Noether resolution of R/I, whenever A := K[x n−d+1 , . . . , x n ] is a Noether normalization of R/I. When d = 2 and I is saturated, we give an algorithm for obtaining this resolution that involves the computation of a minimal Gröbner basis of I with respect to the weighted degree reverse lexicographic order. In the particular case when R/I is a 2-dimensional semigroup ring, we also describe the multigraded version of this resolution in terms of the underlying semigroup. Whenever we have the Noether resolution of R/I or its multigraded version, we obtain formulas for the corresponding Hilbert series of R/I, and when I is homogeneous, we obtain a formula for the Castelnuovo-Mumford regularity of R/I.
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As an application of the results for 2-dimensional semigroup rings, we provide a new upper bound for the Castelnuovo-Mumford regularity of the coordinate ring of a projective monomial curve. Finally, we describe the multigraded Noether resolution of either the coordinate ring of a projective monomial curve C ⊆ P n K associated to an arithmetic sequence or of any of its canonical projections π r (C) ⊆ P n−1 K .
Let R := K[x 1 , . . . , x n ] be a polynomial ring over an infinite field K, and let I ⊂ R be a weighted homogeneous ideal with respect to the vector ω = (ω 1 , . . . , ω n ) ∈ (Z + ) n , i.e., I is homogeneous for the grading deg ω (x i ) = ω i . We denote by d the Krull dimension of R/I and we assume that d ≥ 1. Suppose A := K[x n−d+1 , . . . , x n ] is a Noether normalization of R/I, i.e., A → R/I is an integral ring extension. Under this assumption R/I is a finitely generated A-module, so it is an interesting problem to study the minimal graded free resolution of R/I as A-module. Set
this resolution, where the sets B i are finite, and s i,v ∈ N. This work concerns the study of this resolution of R/I, which will be called the Noether resolution of R/I. More precisely, our aim is to determine the sets B i , the shifts s i,v and the morphisms ψ i .
We describe the first step of the Noether resolution. We observe that R/I is Cohen-Macaulay if and only if R/I is a free A-module or, in other words, if the Noether resolution only has one step. This observation together with the description of the first step of the Noether resolution leads to an effective criterion for determining whether R/I is Cohen-Macaulay or not (which generalizes [4, Proposition 2.1]). As a consequence, whenever R/I is Cohen-Macaulay, we obtain the whole Noether resolution of R/I. When d = 2 and I is saturated we are also able to describe the whole Noether resolution of R/I. From this resolution, we obtain the ω-weighted Hilbert series of R/I and, whenever I is a homogeneous ideal, we derive a formula for the Castelnuovo-Mumford regularity of R/I. The description of the Noether resolution relies in the computation of a minimal Gröbner basis of I with respect to the ω-weighted degree reverse lexicographic order and, hence, it provides an effective method to compute it. This follows the research line of Bayer-Stillman [1] and Bermejo-Gimenez [4, 5] , where the authors already considered a Gröbner basis of a homogeneous ideal I with respect to the degree reverse lexicographic order to study the CastelnuovoMumford regularity of R/I. Hence, our results can be seen as a step further in the study of the nice properties of Gröbner bases with respect to the degree lexicographic order.
In the second part, we consider R/I to be a simplicial semigroup ring, i.e., I is a toric ideal and A = K[x n−d+1 , . . . , x n ] is a Noether normalization of R/I. We recall that I is a toric ideal if I = I A with A = {a 1 , . . . , a n } ⊂ N d and a i = (a i1 , . . . , a id ) ∈ N d ; where I A denotes the kernel of the homomorphism of K-algebras ϕ :
d for all i ∈ {1, . . . , n}. If we denote by S ⊂ N d the semigroup generated by a 1 , . . . , a n , then the image of ϕ is K[S] := K[t s | s ∈ S] R/I A . It is well-known that I A is multigraded with respect to the grading induced by deg S (x i ) = a i ∈ N d for all i ∈ {1, . . . , n}. In this setting we may consider the minimal multigraded free resolution of K[S] as A-module, which will be called the multigraded Noether resolution of K[S]:
where S i ⊂ S are finite sets for all i ∈ {0, . . . , p} and A · s denotes the shifting of A by s ∈ S.
The problem we tackle here is to describe combinatorially the multigraded Noether resolution of K[S] in terms of the semigroup S. In this work we completely determine the Noether resolution of Then we apply the methods and results obtained to certain dimension 2 semigroup rings, namely, to the coordinate ring of projective monomial curves. A sequence m 1 < · · · < m n determines the projective monomial curve C ⊂ P n K parametrically defined by x i := s m i t mn−m i for all i ∈ {1, . . . , n − 1}, x n = s mn , x n+1 := t mn . If we set A = {a 1 , . . . , a n+1 } ⊂ N 2 where a i := (m i , m n − m i ), a n := (m n , 0) and a n+1 := (0, m n ), it turns out that the homogeneous coordinate ring of C is K 
It is known that reg(K[C]) ≤ m n −n+1 after the work [6] . In this context, L'vovsky obtained in [7] a better upper bound, indeed if we set m 0 := 0 he proved that reg(
The proof provided by L'vovsky is quite involved and uses advanced cohomological tools. Even if L'vovsky's bound usually gives a better estimate than the bound we provide, we easily construct families such that our bound outperforms the one by L'vovsky.
Also in the context of projective monomial curves, whenever m 1 < · · · < m n is an arithmetic sequence of relatively prime integers, the simplicial semigroup ring R/I A has been extensively studied (see, e.g., [2, 8] ) and the multigraded Noether resolution is easy to obtain. We give explicitly the Noether resolution of the coordinate ring of the canonical projections of projective monomial curves associated to arithmetic sequences, i.e., the curves C r = π r (C) where π r is the r-th canonical projection for all r ∈ {2, . . . , n − 1}. As I. Bermejo, E. García-Llorente, I. García-Marco, M. Morales a byproduct, we characterize when these curves are arithmetically Cohen-Macaulay and obtain a formula for their Castelnuovo-Mumford regularity.
All the results of this work are included in [3] .
